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We prove that if X is a Banach space containing l n uniformly in n, and if Y is ap
metric space with metric type q  p, then the inverse of any uniform homeomor-
phism T from X onto Y cannot satisfy a Lipschitz condition for large distances of
order  qp. It follows that if Y is a midpoint-convex subset of a Banach space
Z with type q larger than the type supremum of a Banach space X, then X and Y
cannot be uniformly homeomorphic. In particular, we prove the non-existence of
uniform homeomorphisms between certain non-commutative L -spaces and mid-p
point-convex subsets of another such space. We also prove that if a Banach space
X has cotype infimum q larger than two, then it has maximal generalized
roundness zero and maximal roundness at most q. As a consequence, infinite-di-
mensional C-algebras are seen to have maximal generalized roundness zero and
maximal roundness one.  2000 Academic Press
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1. INTRODUCTION
 In Lennard et al. 16, Theorem 2.4 we proved the equivalence of Enflo’s
  Ž .notion 10 of generalized roundness q and Schoenberg’s classical embed-
  Ž .ding notion 22, 23 of q- negative type. Using results of Bretagnolle et al.
       4 , Dor 8 , Misiewicz 20 , and Koldobsky 14 we then established the
following theorem.
  Ž .THEOREM 1.1 16, Theorem 1.3 . Let 2  p . If L , ,  is atp
least three dimensional, then it has maximal generalized roundness zero.
In this paper we show that if a Banach space X contains l n uniformly inp
n, and if Y is a metric space with metric type q  p, then the inverse of
any uniform homeomorphism T from X onto Y cannot satisfy a Lipschitz
Ž .condition for large distances of order  qp Theorem 2.8 . It follows
that if Y is a midpoint-convex subset of a Banach space Z with type q
larger than the type supremum of a Banach space X, then X and Y
Ž .cannot be uniformly homeomorphic Theorem 2.9 . In particular, we
deduce the non-existence of uniform homeomorphisms between certain
Ž    .non-commutative L -spaces cf. Terp 24 or Fack and Kosaki 13 andp
Ž .midpoint-convex subsets of another such space Corollary 2.10 , via a
 result of Fack 12 .
We also prove that if a Banach space X has cotype infimum q larger
Ž .than two, then it has maximal generalized roundness zero Theorem 2.3 .
 Consequently, via the equivalence from 16, Theorem 2.4 described above,
we get the following theorem.
THEOREM 1.2. If a Banach space X has cotype infimum q larger than two,
Ž .then X does not isometrically embed into any L  -space with 0  p 2.p
Cases of Theorem 1.2, derived using other methods, abound in the
 literature, and we refer the reader to Koldobsky 14 for an excellent
survey of such results and methods.
2. ROUNDNESS AND METRIC TYPE
The notions of roundness and generalized roundness were introduced by
 Enflo 911 .
Ž . Ž .DEFINITION 2.1. a We say that a metric space X,  has roundness q
Ž .written q r X,  if, whenever a , a , b , b are in X, we have1 2 1 2
qq q
 a , a   b , b   a , b .Ž . Ž . Ž .Ý1 2 1 2 i j
1i , j2
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Ž . Ž .n Ž .nb A pair a , b of n-tuples in a metric space is called ai i1 i i1
 ndouble n-simplex. Such a double-n-simplex will be denoted a , b . Wei i i1
Ž . Ž .call a pair of points a , a or b , b , where i  j, an edge, and any pair ofi j i j
Ž .points a , b a connecting line.i j
Ž . Ž .c We say that a metric space X,  has generalized roundness
Ž .qwritten q gr X,  if, for every n	 2 and every double-n-simplex
 na , b in X, we havei i i1
q qq
 a , a   b , b   a , b .Ž . Ž . Ž .Ý Ýž /i j i j i j
1ijn 1i , jn
   Lindenstrauss 17 and Enflo 9 proved that an infinite dimensional
L -space is not uniformly homeomorphic to any L -space if 1 p  pp p 1 21 2
 . Enflo obtained the result for 1 p , p  2 via a computation of the1 2
maximal roundness of L for 1 p 2. We will now show how a closerp
analysis of Enflo’s roundness methodin a different contextyields
another general result on the non-existence of uniform homeomorphisms
Ž .between Banach and metric spaces Theorem 2.9 .
Ž .We begin by recalling the notions of Rademacher type and cotype. For
background on the notions of type and cotype we refer the reader to
     Diestel et al. 7 , Lindenstrauss and Tzafriri 18 , or Wojtaszczyk 26 .
Ž   .DEFINITION 2.2. A Banach space X, 	 is said to have type p ifX
Ž .there exists a constant A 0, such that, for all n and for all finite
Ž .nsequences x in X, we havej j1
1pn n1 p 
 x  A x .Ý Ý Ý Xj j jn ž /2 n 4 j1 j1
 
1,1 X
Cotype p is defined analogously, but with the inequality reversed.
Because of Khintchine’s inequalities, no Banach space can have type
greater than 2 or cotype less than 2. We will denote by p the supremumX
of all p such that X has type p and will write q for the infimum of all qX
Ž .such that X has cotype q. Kahane’s inequality asserts that for all r 0, ,
the averages
1rrn1

 xÝ Ý j jnž /2 n 4 j1
 
1,1 X
Ž .n Žare equivalent, independently of x and the Banach space X. Anj j1
 .elegant proof can be found in Latala and Oleszkiewicz 15 . Using this, it
 follows from Enflo 9, Theorem 2.1 that roundness p implies type p in a
Banach space. The converse is not true: just consider any infinite-dimen-
sional L -space with 2  p .p
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Ž .Our first result exhibits a connection between maximal generalized
roundness and cotype. The proof depends on a result of Maurey and Pisier
 19, Theorem 2.3 which states that l and l are both finitely repre-p qX X
sented in any given infinite dimensional Banach space X. This is equiva-
Ž .lent to saying that, for every 
 0 and every n, X contains 1 
 -
isomorphic copies of l n and l n .p qX X
THEOREM 2.3. Let X be an infinite-dimensional Banach space.
Ž .a If X has generalized roundness greater than 0, then it has infimal
cotype q  2.X
Ž .b If X has maximal roundness r, then its infimal cotype satisfies
q  r.X
Proof. First we consider generalized roundness. We argue contraposi-
tively, distinguishing two cases. First suppose that X has finite cotype with
Ž .q  q  2. As we observed above, X contains 1 
 -isomorphic copiesX
of l n for every n and every 
 0.q
Fix 
 0 and a natural number n. We will construct a double-n-simplex
 n Ž .a , b of Rademacher-like members of a 1 
 -isomorphic copy ofk k k1
2 n 1  4n 1l . Choose x , . . . , x in X so thatq 1 2
1q 1qn1 n1 n12 2 21 q q      x  Ý Ý Ýj j j jž / ž /1 
 j1 j1 j1
	 
n 1for all scalars  , . . . ,  . Using the notation  to denote the integer1 2
 4part of a real number  , we define, for each k 1, . . . , n ,
2 n 2 n
k
1 k1	Ž . 
 	Ž . 
j
1 2 j
1 2
na  
1 x and b  
1 x .Ž . Ž .Ý Ýk j k j2
j1 j1
It is straightforward to check in this double-n-simplex that each edge has
Ž .
1 n q 1
1 qlength greater than or equal to 1 
 2 2 , and that each
connecting line has length less than or equal to 2 n q21 q. Consequently,
Ž  .any r gr L 0, 1 must satisfyp
r1 rn q 1
1 q 2 n q 1 qn n
 1 2 2  n 2 2Ž . Ž .ž /1 

for all n	 2. In other words,
1 1
r Ž1
2 q.1
 2  1rž /n 1 
Ž .
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for all n	 2. Letting n  and 
 0, we see that r must satisfy
2
r 1
  0.ž /q
2Since 1
  0 by hypothesis, we conclude that r 0. Thus X cannotq
have generalized roundness greater than zero.
The remaining case is when X does not have finite cotype. In this
Ž . nsituation, X will contain 1 
 -isomorphic copies of l for every natural
  2 nnumber n and every 
 0, by 19, Theorem 2.3 . Since l contains a
Rademacher-like double-n-simplex in which each edge has length 1 and
1 Ž .each connecting line has length , a 1 
 -argument similar to the one2
above completes the first part of the proof.
Next we consider roundness. We will only look at the case of finite
cotype. The other case is proven similarly. Let q  q  . Consider aX
Ž . 2given 
 0. There exists a 1 
 -isomorphic copy of l , spanned by xq 1
and x , in the manner described above. Let x x  x and y  x 
 x .2 1 2 1 2
Now suppose that x has maximal roundness r. Then
  r   r   r   rx y  x
 y  2 x  y ,Ž .
and so
1
r r r q r q2  2  2 2  2 .Ž . Ž .r
1 
Ž .
r  Letting 
 0, it follows that r 1 , and thus r q . Hence q  r .Xq
We are done.
Ž .Note that when 2  p , an infinite dimensional L , ,  hasp
minimal cotype p 2. Consequently, L has maximal generalized round-p
 ness zero. This provides a direct proof of Theorem 1.1. 16, Theorem 1.3
for the special case of infinite-dimensional L -spaces. Such L -spacesp p
  have maximal roundness p 16, Proposition 1.4 , so the roundness esti-
mate in Theorem 2.3 is sharp.
COROLLARY 2.4. Infinite-dimensional C-algebras hae maximal general-
ized roundness zero and maximal roundness one.
Proof. Infinite-dimensional C-algebras do not have finite cotype. Now
apply Theorem 2.3.
 Bourgain et al. 3 defined a non-linear version of type for metric spaces
which generalizes the notion of type in a Banach space.
Ž .DEFINITION 2.5. An n-cube in a metric space X,  is a family C
Ž .  4n Ž .nx  X indexed by 0, 1 . A pair x , x is called an edge if some   0, 14  
Ž .   , but    for all k  j. A pair x , x is called an n-diagonal ifj j k k  
   for all k with 1 k n.k k
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Ž . Ž .In this setting we always identify x , x and x , x . For a given   
Ž . Ž .n-cube C, we denote by E C the set of all edges of C, and by D C the
Ž . Ž . Ž .set of all n-diagonals of C. Also for t x , x we write l t   x , x .   
Ž . Ž .DEFINITION 2.6. Let p	 1. An infinite metric space X,  has metric
Ž .type p if there exists a constant B 0, such that, for all n and for
Ž . neach n-cube C x  X, we have   0, 14
12 12
2 21 p
12l d Bn l e .Ž . Ž .Ý Ýž / ž /
Ž . Ž .dD C eE C
There is a close connection between metric type and type. A result of
 Bourgain et al. 3, Theorem 5.2 and Corollary 5.10 asserts that if a Banach
Ž   . Ž   .space Y, 	 has p  1, then Y, 	 has metric type p 
  for allY YY Y
 0.
We will also work with the notion of a map being Lipschitz for large
distances.
Ž .DEFINITION 2.7. A map T from a metric space X,  into a metric
Ž .space Y,  is Lipschitz of order  0 for large distances if, for all  0,
Ž . Ž .there exists a constant     0, such that, whenever x, y X
Ž . Ž . Ž .with  x, y 	  , we have  Tx, Ty  T x, y .
 The CorsonKlee Lemma 5 shows that a uniformly continuous map
from a convex set in a Banach space into a metric space is Lipschitz of
order one for large distances. The domain of the uniformly continuous
 map in the CorsonKlee Lemma, as noted in Weston 15 , may be
Ž .replaced by any midpoint-convex metric space X,  without altering the
Ž .conclusion. Recall that a metric space X,  is midpoint-conex if for
each pair x, y X there exists a z X such that
 x , yŽ .
 x , z    z , y .Ž . Ž .
2
We will refer to the ‘‘Generalized CorsonKlee Lemma’’ when dealing
with midpoint-convexity.
We can now state and prove two new results. Theorem 2.8 extends a
 theorem of Enflo 9, Theorem 2.2 into the realm of metric type. This
allows us to establish Theorem 2.9 on the non-existence of certain uniform
homeomorphisms.
Ž   .THEOREM 2.8. Suppose X, 	 is an infinite-dimensional BanachX
n Ž .space that contains l uniformly in n. For example, p could equal p .p X
Ž . Ž   .Let Y,  be a metric space with metric type q  p, and let T : X, 	 X
Ž . 
1Y,  be an onto uniform homeomorphism. Then T cannot satisfy a
qŽ .Lipschitz condition of order  for large distances for any  0, .p
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Proof. Since T is uniformly continuous on X, it is Lipschitz of order 1
for large distances by the CorsonKlee Lemma. It follows that
 K  sup  Tx , Ty  x , y X and x
 y  1 4Ž . X
Ž .is finite. By hypothesis, there exists M 0, 1 and, for each n, a
Ž Žn..nsequence e in X such thatj j1
1p 1pn n n
p pŽn.   M    e  Ý Ý Ýj j j jž / ž /
j1 j1 j1X
Ž .nfor all scalar sequences  .j j1
Žn. n Žn.  4nFix a natural number n. Let x Ý  e , for all  0, 1 . The j1 j j
Ž Žn.. Ž .  nfamily C  x is an n-cube in X, with l e  M , 1 for alln    0, 14
Ž . Ž .  1 p 1 p  Ž .e E C , and l d  M n , n for all dD C . The image of Cn n n
Ž Žn.. Ž .nunder T , namely R  Tx , is an n-cube in Y,  .n    0, 14
Ž .Since Y,  has metric type q it follows that
12 12
2 21 q
12l d Bn l eŽ . Ž .Ý Ýž / ž /
Ž . Ž .dD R eE Rn n
Ž .for some B 0, .
Now suppose that T
1 satisfies a Lipschitz condition of order  for
Ž .large distances. Then, for all  0, there exists a constant    
Ž .  
1 
1  Ž . Ž . Ž .0, such that T u
 T      u,  whenever  u,  	 X
Ž . 
1 Ž . 1 pu,   Y . But because T is uniformly continuous and l d 	 M n
Ž .for all dD C , it follows thatn
 inf min l dŽ .
n Ž .dD R n
Ž .is a positive number. Let    and again fix n. Then
12
2 12
1 1 q
12 n
1 2 l d Bn n2 KŽ . Ž .Ž .Ýž /
Ž .dD Cn
and so
1Žn
1.2 
1 1 p 1 q Žn
1.22  M n Bn 2 K .Ž .
qSince n is arbitrary, we conclude that   .p
Ž   .THEOREM 2.9. Let X, 	 be a Banach space, and let Y be aX
Ž   .midpoint-conex subset of a Banach space Z, 	 with the metric Z
Ž   .induced by the norm of Z. Suppose that Z, 	 has type q where q  p .Z X
Ž   . Ž .Then X, 	 and Y,  are not uniformly homeomorphic.X
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Ž   . Ž .Proof. Suppose X, 	 and Y,  are uniformly homeomorphicX
Ž   . Ž .   Ž   .under the mapping T : X, 	  Y,  . From 3 , Z, 	 has metricX Z
type q
  for each  0. Choose  0 so that r  q
  p . Since itX
is clear that metric type r is a property inherited by subspaces, we see that
Ž .Y,  has metric type r  p . But Y is a midpoint-convex subset of Z, andX
so T
1 is Lipschitz of order 1 for large distances by the Generalized
CorsonKlee Lemma. This contradicts Theorem 2.8.
COROLLARY 2.10. Let 1 p, q . Let L and L be infinite dimen-p q
sional L -spaces, possibly corresponding to different on Neumann algebras.r
 4Suppose that Y is a midpoint-conex subset of L . If 1 p min q, 2 andq
q  , or if p  and 1  q  , then L is not uniformly homeomorphicp
to Y.
 Proof. By Fack 12 , any non-commutative L -space with 1 r   hasr
 4type supremum min 2, r , while L has maximal type 1. Now apply Theo-
rem 2.9.
The new aspect and main interest of Corollary 2.10 is the case of various
non-commutative L -spaces, such as the Schatten p-classes C , and sub-p p
sets thereof. However, we feel that the proof of Corollary 2.10 is suffi-
ciently unified and simplified and that it retains interest even in the known
commutative setting. The commutative versions of Corollary 2.10 arose
   through the work of several authors. Lindenstrauss 17 and Enflo 9
   paved the way with global results, while Aharoni 1 and Aharoni et al. 2
obtained more general subspace and subset results. In the case that Y is a
subspace of a non-commutative L -space, Corollary 2.10 may be obtainedq
 as a consequence of Ribe 21, Theorem 1 via the type and cotype
 computations of Fack 12 .
Our final result addresses the case of Lorentz spaces.
COROLLARY 2.11. Assume that 1 p, q, u,  , and p 1. Let Lp, q
and L be infinite dimensional Lorentz spaces, possibly corresponding tou, 
different measures, and suppose that Y is a midpoint-conex subset of L . Ifu, 
 4  4min 2, p, q  min 2, u,  then L is not uniformly homeomorphic to Y.p, q
 Proof. By Creekmore 6 , the Lorentz space L has supremal typep, q
 4min 2, p, q , for all 1 p, q   with p 1. Now apply Theorem 2.9.
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